Abstract. STEIN and TAIFJLESON gave a characterization for f E Lp(IRn) to be in the spaces More general spaces hk(cp, X, q ) are also considered.
Introduction
The Poisson integral can be used to express the solution of the Dirichlet problem for the half-space l R , : + ' = {(z, y) : z E IR", y > 0}: Let f E L P ( R n ) . The Poisson integral of f (.) is the convolution of f(x) with the Poisson kernel P ( z , y), which is defined by where cn = 7r(nt1)/2/r((n + 1)/2) is chosen so that JR,, P ( z , y) dx = 1 for each y > 0.
STEIN [19] and TAIBLESON [20] gave a characterization for f to be in the spaces Lip (a, L,) [19] , TAIBLESON [20] and TRIEBEL [21] , [22] ). These papers contain the problems of the duality, the equivalent norms and the interpolation spaces by the real and complex methods. The purpose of this paper is to obtain the STEIN-TAIBLESON results for the LipschitzOrlicz spaces Lip(cp, L M ) and the Zygmund-Orlicz spaces Zyg(cp, L M ) , with a general functions cp instead of the power function cp(t) = t". A very rough description of the result would be that the derivative or the second derivative of a solution of the Laplace equation has a particular property if and only if f has a very precise smoothness property describable in terms of differences of f in the Orlicz spaces L M ( R~) .
The Orlicz space ing and zero only at 0. For cp E P , let us consider the Lipschitz-Orlicz space:
and the Zygrnund-Orlicz space 
The Lipschitz Condition
In the proof of the main theorem of this section we will need the following equivalence property between indices and integrals of cp E P (the proof of these equivalences can be found in [lo], [12] or in [13], Th. 11.8 ):
Let cp E P, s 9 ( t ) < 00 for every t > 0, and T > 0. Then The assumption that f E Lip(cp, L M ) gives and by the assumption @, +, < 1, in the equivalent form (2.2), we obtain
By the generalized Minkowski inequality and the assumption a,+, > 0, in the equivalent form (2.1), we obtain
(ii). First, note that Thus, using the fact that the convolution operator is bounded from LM(IR") x L1 (JR") into LM(JR") with norm less or equal than 1 (cf. Lemma 4.1), the above property of the Poisson kernel and the assumption & < 1, in the equivalent form (2.2), we obtain 
for all y2 > 0 , it follows that the Poisson kernel P ( z , y1 + y~) has the Poisson integral in IR" x (y1,oo)
, and the equality (2.5) is proved.
For fixed y1 > 0 , we have, according to the equality (2.5),
Differentiating we obtain which can be expressed as a au a -4.7
a Y aY
LVl dY Therefore a2u -(. , Y1 + Y2) = ayaxi and also the equality (2.6) is proved. obtain 
The Zygmund Condition
The next result is the case of Zygmund condition in Orlicz spaces which gives the Zygmund-Orlicz spaces Zyg(cp, LM). ZYGMUND [23] introduced spaces of smooth functions Zyg(1, Lp). 
Using the generalized Minkovski inequality we obtain and n ( T ) = 1 U M ( T 5 ) dn (5) sn-1 the inequality above becomes (because dz = d( rn-l dr) + y l m n (~) T -~ dr .
I
The assumption f E Zyg(cp,L~) gives
and, by the assumption , f 3, +, < 2, in the equivalent form (2.2), we obtain 5 csY-2(P(Y).
P r o o f (Suficiency).
First we prove the following lemma. Similarly, as in the sufficiency part of the proof of Theorem 1.1 (by using the generalized Minkowski inequality, Lemma 3.2 and the assumption av > 0 in the equivalent form (2.1)), we find that For the estimate of I 1 we first prove that for any real function u on R" of class C2
and any h E IRn we have 24.) In fact, by the chain rule &(x + th) = C:=, &(x + th)hi, we can integrate both sides from 0 to 1, and then integrate by parts to obtain
If we add the above identities we obtain (3.2). Now using the identity (3.2) we have for our expression ( 1 1 )
Putting the above estimates togheter we obtain
we obtain (by Fatou Lemma) that f E Zygfcp, L M ) . This completes the proof. Already ZYGMUND [23] It is enough to have such an inequality only for small lhl, i.e., 
Some generalizations and additional remarks
In the proof of Lemma 2.2 we used the following result, in the case when X is the Orlicz space LM(IR"): We consider now more general spaces Ak(cp, X , q ) which contain the Lip(cp, X)-spaces, Zyg(p, X)-spaces, the Stein- Taibleson A ( a , p , q)-spaces and the Herz A ( a , X , 4) spaces.
Let p E P , 1 5 q 5 00 and let X = X(IR") be a Banach function space with the Fatou property. The spaces Ak((cp,X,q), k = 1, 2, are the spaces of all f E X(IRn) for which with Al,f( as TI -+ 00, whence, again by Fatou's Lemma, Since the expression on the right-hand side is arbitrarily small for all sufficiently large rn, it follows that fm + f in Ak(p, X , q ) , so Ak((cp, X, q ) is complete.
(b) The proof is the same as the proof of CoroIlary 2.3. We can also prove the statement by using the following equality (c) Similarly, as in the proof of Th. 2.1 and Th. 3.2, for f E hk((cp, X , q ) and for k = 1, 2, we have that where By the Hardy inequalities proved in Ill] it yields that and, by the Holder inquality, so that we obtain
In the same way as in Theorems 2.1 and 3.1, we can prove the reverse inequalities by first proving the results similar to Lemmas 2.2 and 3.2.
Remark 4.4. In STEIN [19] there are misprints in Proposition 7' and Lemma 4':
conditions (61) 
